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3.1 Architectures of CNNs
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In 1998, LeCuN proposed an improved 

version of ConvNet, which was famously

known as LeNet-5, and it started the use of 

CNN in classifying characters in a document 

recognition related applications (LeCun et al. 

1995, 1998).

3.1.1 CNNs
Neural Networks which use convolution layers 
to filter and extract features from signals to 
solve a classification or regression problem.

Evolutionary history of CNNs
1979-2018

In 1989, LeCuN et al. proposed the

first multilayered CNN named ConvNet, whose origin 

rooted in Fukushima’s Neocognitron

(Fukushima and Miyake 1982; Fukushima 1988). 

Japanese handwritten character recognition and other 
pattern recognition tasks



Taxonomy of deep CNN architectures showing seven different categories 
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Shuffle Net
Mobile Net
.....

Efficient Net
Transformer-CNN

Some non-mentioned CNNs

https://jcheminf.biomedcentral.com/articles/10.1186/s13321-020-00423-w


(1) Spatial Exploitation based CNNs
CNNs which improve themselves by exploring different levels of neighborhood (spatial) correlation 
among pixels of an input image or units of feature maps by employing different filter sizes

CNNs:    LeNet AlexNet ZFNet VGG GoogleNet
•
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Lenet-5
First popular CNN architecture
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AlexNet
- Deeper and wider than the LeNet
- Uses Relu, dropout and overlap Pooling
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ZFNET
Visualization of intermediate layers

Ahmad Kalhor-University of Tehran



VGG
- Homogenous topology
- Uses small size kernels
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GoogLeNet
- Introduced block concept
- Split transform and merge idea

Auxiliary Classifiers are type of architectural 
component that seek to improve the 
convergence of very deep networks. 
They are classifier heads we attach to layers 
before the end of the network.
The motivation is to push useful gradients to 

the lower layers to make them immediately 
useful and improve the convergence during 
training by combatting the vanishing gradient 
problem. 
They are notably used in the Inception family 
of convolutional neural networks.
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(2) Depth based CNNs
CNNs which improve themselves by increasing the depth to utilize more cascaded filters 
and to achieve better feature representation

CNNs: Inception-V3, V4 Inception-ResNet ResNet Highway Networks 
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Inception V3
- Handles the problem of a representational bottleneck 
-Using inception modules, Inceptions decease the representation size and avoid  information missing
- Replace large size filters with small filters
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Inception is created to serve the purpose of reducing the computational burden of deep neural nets while obtaining 
state-of-art performance.



STEM
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Inception-A Block : Inception-B Block : Inception-C Block :

The Stem is a particular convolutional network module before the Inception-resnet blocks



Ahmad Kalhor-University of Tehran

Reduction-A Block : Reduction-B Block :

Auxiliary Classifier Block :

Auxiliary Classifiers are type of architectural component 
that seek to improve the convergence of very deep 
networks. They are classifier heads we attach to layers 
before the end of the network.



Inception 3
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Inception 4
- Deep hierarchies features, Multi level feature representation
-inception-v4 use more inception modules than Inception-v3.
- Split transform and merge idea Uses asymmetric filters 
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STEM
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Inception Modules A, B, C of Inception-v4
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Reduction Blocks A, B of Inception-v4



Inception Resnet
- Uses split transform merge idea and residual links
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STEM
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Inception Resnet Conncetion



Inception modules A, B, C of Inception ResNet V1
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Reduction A schema Inception ResNet-v1 Reduction Block B



Resnet
- Residual learning
- Identity mapping based skip connections
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34-layers residual 

Residual Blocks



Highway Network*
- Introduced an idea of Multi-path
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• In machine learning, a highway network is an 
approach to optimizing networks and increasing 
their depth. 

• Highway networks use learned gating mechanisms to 
regulate information flow, inspired by Long Short-
Term Memory (LSTM) recurrent neural networks.

• Highway networks have been used as part of text 
sequence labeling and speech recognition tasks

*Srivastava, Rupesh Kumar; Greff, Klaus; Schmidhuber, Jürgen 
(2 May 2015). "Highway Networks". arXiv:1505.00387 [cs.LG].

https://en.wikipedia.org/wiki/Semantic_analysis_(machine_learning)
https://en.wikipedia.org/wiki/Semantic_analysis_(machine_learning)
https://en.wikipedia.org/wiki/Speech_recognition
https://en.wikipedia.org/wiki/ArXiv_(identifier)
https://arxiv.org/abs/1505.00387
https://arxiv.org/archive/cs.LG


Continuing about High way networks
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The structure of a hidden layer follows the equation: 

The advantage of a Highway Network over the common deep neural networks is that solves or partially prevents 
the Vanishing gradient problem, thus leading to easier to optimize neural networks. 

The model has two gates in addition to the H(WH, x) gate: 
the transform gate T(WT, x) and the carry gate C(WC, x). 
Those two last gates are non-linear transfer functions (by 
convention Sigmoid function). The H(WH, x) function can be 
any desired transfer function. 
The carry gate is defined as C(WC, x) = 1 - T(WT, x). While 
the transform gate is just a gate with a sigmoid transfer 
function. 

https://en.wikipedia.org/wiki/Vanishing_gradient_problem
https://en.wikipedia.org/wiki/Sigmoid_function
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(3) Multi-Path based CNNs
CNNs which improve themselves by using skip connection cross layers to avoid information missing and 
gradient vanishing   

CNNs: Highway Networks ResNet DenseNet
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DenseNet
- Cross-layer information flow

Ahmad Kalhor-University of Tehran

A problem with very deep networks was the problems to train, 
because of the mentioned flow of information and gradients. 
DenseNets solve this issue since each layer has direct access to 
the gradients from the loss function and the original input 
image.



Full schematic representation of ResNet-121
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You may be wondering where the bypass connections are all over the 
DenseNet, and you are asking right! However, I just wanted to first draw 
the simplest scheme possible to know go deeper on the whole structure 
of the DenseNet. But just for the curious, you can notice how the first 
number of the addition to calculate the feature maps of every new 
volume matches the feature maps dimension of the previous volume. 
This will explain the bypass connection because it precisely means that 
we are concatenating (concatenate means add dimension, but not add 
values!) new information to the previous volume, which is 
being reused.
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Width based Multi-Connection CNNs
CNNs which improve themselves by making parallel use of multiple processing units within a layer
Parallel and homogenous topology in each block

CNNs: Wide ResNet Pyramidal Net     Xception ResNeXt Inception Family
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Wide ResNet
a variant of Resent to reduce the depth and increase the width
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In WRNs, plenty of parameters are tested such as the 
design of the ResNet block, how deep (deepening factor 
l) and how wide (widening factor k) within the ResNet
block.
When k=1, it has the same width of ResNet. While k>1, it 
is k time wider than ResNet.

WRN-d-k: means the WRN has the depth of d and with 
widening factor k.

https://towardsdatascience.com/review-resnet-winner-of-ilsvrc-2015-image-classification-localization-detection-e39402bfa5d8
https://towardsdatascience.com/review-resnet-winner-of-ilsvrc-2015-image-classification-localization-detection-e39402bfa5d8


Pyramidal Net
Pyramidal Net increases the width gradually per residual unit. 
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Xception modified the original inception 

block by making it wider and replacing the 

different spatial dimensions (1x1, 5x5, 3x3) 

with a single dimension (3x3) followed by a 

1x1 convolution to regulate computational 

complexity.

Xception makes the network

computationally efficient by decoupling 

spatial and feature-map (channel) 

correlation, 

Xception
- Depth wise convolution followed by point wise convolution



ResNeXt
-Cardinality
- Homogeneous topology
- Grouped convolution
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ResNeXt, also known as Aggregated 

Residual Transform Network, is an 

improvement over the Inception Network 

(Xie et al. 2017). 

Xie et al. exploited the concept of the split, 

transform, and merge in a powerful but 

simple way by introducing a new term; 

cardinality (Szegedy et al.

2015). 

Cardinality is an additional dimension, 

which refers to the size of the set of

transformations (Han et al. 2018; Sharma 

and Muttoo 2018).

Refer to the following figure, the 
architecture includes 32 same topology 
blocks so the value of cardinality is 32.
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(4) Feature-Map (ChannelFMap) Exploitation based CNNs
CNNs which improve themselves by adding a block for the selection of feature-maps (channels) 

CNNs: Squeeze and Excitation Network, Competitive Squeeze and Excitation Networks
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(5) Squeeze and Excitation Network
Model interdependencies between feature maps
Squeeze and Excitation block showing the computation of masks for the recalibration of feature-

maps that are commonly known as channels in literature
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Squeeze-and-Excitation Networks (SENets) introduce a building block for CNNs that improves channel 
interdependencies at almost no computational cost. ... 
Let's add parameters to each channel of a convolutional block so that the network can adaptively adjust the 
weighting of each feature map

Squeeze
Global average pooling (K)

Excitation
Gating mechanism (sig(W*z))



Competitive Squeeze and Excitation Networks
*Hu et al. 2018b

• The authors used the idea of SEblock to improve the learning of deep residual networks . 

• SE-Network recalibrates the feature-maps based upon their contribution in class 
discrimination. However, the main concern with SE-Net is that in ResNet, it only 
considers the residual information for determining the weight of each feature-map (Hu 
et al. 2018a).

• This minimizes the impact of SEblock and makes ResNet information redundant.

• Hu et al. addressed this problem by generating feature-map wise motifs (statistics) from 
both residual and identity mapping based feature-maps.

• In this regard, global representation of feature-maps is generated using global average 
pooling
operation, whereas relevance of feature-maps is estimated by establishing competition 
between feature descriptors of residual and identity mappings. 

• This phenomena is termed as inner imaging. CMPE-SE block not only models the 
relationship between residual feature-maps but also maps their relation with identity 
feature-map. 
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Competitive Squeeze-Excitation Architecture for Residual block
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(6) Channel(Input) Exploitation based CNNs
CNNs which improve themselves by using auxiliary learners for channel boosting (input channel dimension)

CNNs: Channel Boosted CNN using TL
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Channel Boosted CNN using TL (transfer Learning)

Basic architecture of CB-CNN showing the deep auxiliary learners for creating artificial 
channels 
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In the proposed methodology, a deep CNN is boosted by various channels available 
through TL from already trained Deep Neural Networks, in addition to its original 
channel. The deep architecture of CNN then exploits the original and boosted 
channels down the stream for learning discriminative patterns.
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(7) Attention based CNNs
CNNs which use attention mechanism to pay attention to context-relevant parts

CNNs: Residual Attention Neural Network Convolutional Block Attention 
Module Concurrent Spatial and Channel Excitation Mechanism
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Residual Attention Neural Network*Sik-Ho Tsang Apr 11, 2019

Multiple attention module is stacked to generate attention-aware features. Attention residual learning is used for very 
deep network.
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Mask branch 

Trunk branch

Attention module. The top branch is 
the trunk branch that consists of 
two residual blocks. The bottom 
branch is the mask branch.

https://sh-tsang.medium.com/?source=post_page-----7ae44c4f4b8-----------------------------------


CBAM: Convolutional Block Attention Module
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Concurrent Spatial and Channel Excitation 
Mechanism

Ahmad Kalhor-University of Tehran

F-CNN: Fully Convolutional NN.
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Mobile Net
it uses depthwise separable convolutions to build lightweight deep neural networks
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What is MobileNet?
MobileNet is a type of convolutional neural network designed for 
mobile and embedded vision applications. They are based on a 
streamlined architecture that uses depthwise separable convolutions 
to build lightweight deep neural networks that can have low latency 
for mobile and embedded devices.

The speed and power consumption of 
the network is proportional to the 
number of MACs (Multiply-Accumulates) 
which is a measure of the number of 
fused Multiplication and Addition 
operation



ShuffleNet
An Extremely Efficient Convolutional Neural Network for Mobile 
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Channel shuffle with two stacked group convolutions. GConv
stands for group convolution. a) No cross talk; b) GConv2 
takes data from different groups after GConv1; c) an 
equivalent implementation to b) using channel shuffle.

ShuffleNet Units. a) bottleneck unit with depthwise convolution (DWConv) 
b) ShuffleNet unit with pointwise group convolution (GConv) and channel 
shuffle; c) ShuffleNet unit with stride = 2.

The ShuffleNet utilizes pointwise group convolution and channel shuffle to reduce computation cost while 
maintaining accuracy. It manages to obtain lower top-1 error than the MobileNet system on ImageNet 
classification, and achieves ~13x actual speedup over AlexNet while maintaining comparable accuracy



Efficient Net
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EfficientNet is a convolutional neural network architecture and scaling method that uniformly scales 
all dimensions of depth/width/resolution using a compound coefficient.

Model Size vs. Accuracy Comparison. 
EfficientNet-B0 is the baseline network 
developed, while Efficient-B1 to B7 are 

obtained by scaling up the baseline network. 
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EfficientNetB0
The structure of an 
EfficientNetB0 model 
with the internal 
structure of MBConv1 
and MBConv6. 
Compared to 
MBConv1, MBConv6 
has three layers at the 
top. The number of 
feature maps as the 
output is 6.

Formally stated, the 
Swish activation function 
is…

A MBConv is a Inverted 
Linear BottleNeck layer 
with Depth-Wise 
Separable Convolution
and with squeeze and 
excitation connection 
added to it. 



3.2. Layer-wise Analysis Algorithm



The concept of dataflow or information-flow

• By applying the input data, 𝒙 (𝒙 ≡ 𝒙1) to a 
deep neural network with 𝑁𝐿 layers, the 
data flows layer by layer.

• Dataflow (information-flow) denotes the 
data which transforms layer by layer within 
a deep neural network :

𝒙1 → ⋯𝒙𝑙−1 → 𝒙𝑙 → ⋯ → 𝑥𝐿

• 𝐿 denotes the number of layers  in the 
model

• 𝒙𝑙 denotes the dataflow at layer 𝑙, which is 
reshaped as a vector and its length is 𝑛𝐿.

𝒙𝑙𝝐𝑹𝒏𝒍×𝟏

• One can compute SI(SmI) for dataflow at layer 𝒍:

𝐷𝑎𝑡𝑎𝑙 = { 𝒙𝑖
𝑙 , 𝑙𝑖 }𝑖=1

𝑚 𝒍=1,2, … , 𝐿

It seems the above DNN is a feedforward network.
However, each layer can be a RNN or a LSTM module, too.

In the case of RNN or LSTM, it is assumed that the hidden state 
is within the layer.

𝒙𝑙−1 𝒙𝑙 𝒙𝐿

𝑙
𝐿

𝐹𝑙 𝐹𝐿



The complexity measure SI (SmI) in DNNs

Some definitions

• Disturbance: non relevant information which disturb the feature space

• Distortion: Uncertainties due to (1) the different forms of appearances of the features, (2)the 
environment constraints on the measuring process, and (3) different measuring parameters.

• Common features: In classification problems, features which are common between examples of 
different classes they avoid discrimination between different classes.

• Exclusive features: Features which discriminate different classes in  a classification problem or 
maximize smoothness in a regression problem.

Two important notes:
1. In a DNN, it is expected that after a certain number of filter layers, a feature space 

with negligible disturbance, distortion, and common features is appeared.
2. Using a metric formulation, it is proved that by intensifying exclusive features and 

weakening disturbances, distortions, and  common features (complexity), the 
SI(SmI) of dataflow will increase gradually through layers of a DNN. 



It is expected that the complexity of data decreases layer by layer in  a deep neural network.



Some important notes
1. In fact, by decreasing the complexity of dataflow 

through “filter”  layers, the SI(SmI) will increase.
2. The SI(SmI) may increase by different trends: 

different rises, different settling, with smooth or 
oscillatory changes.

3. Increasing SI(SmI) by Fully Connected (FC) layers 
is not desired. FC layers due to its redundancies 
make overfitting and avoid generalization.



Generalization and Separation index

Layers

SI

Layers

SI



Layers

SmI

Layers

SmI

Generalization and Smoothness index





Correct Classification rate 
and SI

To compare correct classification rate and 

SI:

1. After each convolution layer of a 

pertained network, two dense layers are 

added in order to predict the true labels. 

After two dense layers, a batch 

normalization layer is utilized and after 

them, a softmax layer is applied. 

2. Considering the sum of squared error as 

the loss function, the “Adam” optimizer 

with more than 100 epochs has been 

utilized. 

3. This process is performed on the 

“cifar10” dataset on pre-trained “VGG-

16” and “Fashion-MNIST” dataset on

trained “Resnet18” separately.



Pre-train Model ranking

• Assume there are 𝑀 different pre-trained models which are trained by 𝑀 different source data.
• Assume for  j=1,2,...,𝑀, 𝑡ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 𝐿𝑗 layers before fully connected layers .

• Now, we want rank 𝑛𝑚𝑜𝑑𝑒𝑙 pre-trained  models to be used in transfer learning for a target data: 
𝐷𝑎𝑡𝑎= 𝑥𝑖 , 𝑦𝑖 𝑖=1

𝑚 ,   𝑦𝑖 for classification problems denotes the same label 𝑙𝑖

Algortihm2: (To suggest a pre-trained model in transfer learning)
1. Apply the target data to 𝑗th pre-trained model and provide following dataflow at the last layer before 

fully connected layers: 

𝐷𝑎𝑡𝑎𝑗,𝐿𝑗= 𝑥
𝑖

𝑗,𝐿𝑗 , 𝑦𝑖
𝑖=1

𝑚

2. For 𝑗th pre-trained model select the best subset of 𝑥
𝑖

𝑗,𝐿𝑗 as 𝑥
𝑖

𝑗∗,𝐿𝑗which maximizes 𝑆𝐼 𝑆𝑚𝐼

𝐷𝑎𝑡𝑎𝑗
∗,𝐿𝑗= 𝑥

𝑖

𝑗∗,𝐿𝑗 , 𝑦𝑖
𝑖=1

𝑚

𝑥
𝑖

𝑗∗,𝐿𝑗 ⊆ 𝑥
𝑖

𝑗,𝐿𝑗

3. Now rank the pre-trained models as best candidates for the target data in transfer learning as follows:

𝐵𝑒𝑠𝑡_𝑀𝑜𝑑𝑒𝑙𝑠 = {𝑗1… , 𝑗𝑀} where     𝑆𝐼 𝐷𝑎𝑡𝑎𝑗1
∗,𝐿𝑗1 > 𝑆𝐼 𝐷𝑎𝑡𝑎𝑗2

∗,𝐿𝑗2 > ⋯ > 𝑆𝐼(𝐷𝑎𝑡𝑎
𝑗𝑀
∗ ,𝐿𝑗𝑀)



Model Confidence and Guarantee (SI, SmI)
Assumptions

1. There is a training dataset 𝐷𝑎𝑡𝑎 = 𝑥𝑖 , 𝑙𝑖 𝑖=1
𝑚 (𝐷𝑎𝑡𝑎 = 𝑥𝑖 , 𝑦𝑖 𝑖=1

𝑚 ) for a 
classification(regression) problem.

2. The 𝑆𝐼(𝐷𝑎𝑡𝑎) (𝑆𝑚𝐼 (𝐷𝑎𝑡𝑎)) is computed for the dataset.

3. There is a test dataset which is homogenous with the training dataset.

4. Based on the Nearest Neighbor (NN) model, we want to predict the target 𝑙 (𝒚) of a 
new test example 𝒙, as መ𝑙(ෝ𝒚).

5. It is assumed  that 𝑥𝑖𝑗
∗ denotes the 𝑗th nearest neighbor of input data to 𝑥.

6. There is an uncertainty in measuring 𝑥 . It is assumed that 𝑥 has maximum measuring 
error (distance) 𝛾 to its true value 𝑥𝑡𝑟𝑢𝑒:  𝑥𝑡𝑟𝑢𝑒 − 𝑥 < 𝛾.

7. It is aimed to know the confidence level of the prediction by the NN model.

8. It is aimed to know if there is a guarantee to predict true label  in classification 
problem or to have a bounded output error in a regression problem.



Model Confidence and Guarantee by SI (without training data)

Assume 𝑑𝑤𝑚𝑎𝑥 denotes the maximum distance of nearest neighbor exampled with the  
the same label and 𝑑𝑏𝑚𝑖𝑛 denotes the minimum inter distance between examples with 
different labels .

𝐶𝑜𝑛𝑓(መ𝑙, 𝑙𝑖1∗ ) denotes the confidence for prediction of መ𝑙 = 𝑙𝑖1∗ (by the NN model). 

Guar (መ𝑙, 𝑙𝑖1∗) denotes the guarantee that prediction of መ𝑙 = 𝑙𝑖1∗ (by the NN model ) is true. 

Guar (መ𝑙, 𝑙𝑖1∗) =1  means that there is a guarantee for the prediction. 

• 𝐶𝑜𝑛𝑓(መ𝑙, 𝑙𝑖1∗ )=𝑆𝐼 𝐷𝑎𝑡𝑎

• 𝐺𝑢𝑎𝑟(መ𝑙, 𝑙𝑖1∗) = 𝛿 𝑆𝐼, 1 ∗ 𝑠𝑖𝑔𝑛(1 −
𝑑𝑤𝑚𝑎𝑥+𝛾

𝑑𝑏𝑚𝑖𝑛−𝛾
)

𝛾: the maximum uncertainty in measuring 𝑥 : 𝑥𝑡𝑟𝑢𝑒 − 𝑥 < 𝛾

❖ If 𝑆𝐼(𝐷𝑎𝑡𝑎) = 1 and 𝛾 < 0.5(𝑑𝑏𝑚𝑖𝑛 − 𝑑𝑤𝑚𝑎𝑥), then there is a guarantee for true 
prediction of the test example by the nearest neighbor model.



Model Confidence and Guarantee by SI (with training data)

For input  test example 𝑥 define:
𝑑𝑝𝑥 = 𝑥 − 𝑥𝑖1∗

𝑑𝑛𝑥 = 𝑥 − 𝑥𝑖𝑟∗ r= min
𝑗=1,..,𝑚

𝑗 subjec to 𝛿(𝑙𝑖𝑗
∗ , 𝑙𝑖1∗) = 0

• 𝐶𝑜𝑛𝑓(መ𝑙, 𝑙∗1)=𝑆𝐼

• 𝐺𝑢𝑎𝑟(መ𝑙, 𝑙∗1) = 𝛿(𝑆𝐼, 1) ∗ 𝑠𝑖𝑔𝑛(1 −
𝑑𝑝𝑥+𝛾

𝑑𝑛𝑥−𝛾
)

❖ If 𝑆𝐼(𝐷𝑎𝑡𝑎) = 1 and  𝛾 < 0.5(𝑑𝑛𝑥 − 𝑑𝑝𝑥), then there is a 
guarantee for true prediction of the test example by the 𝑚𝑜𝑑𝑒𝑙.

About those cases that we have 𝑆𝐼𝑟 𝐷𝑎𝑡𝑎 = 1 for 𝑟 ≫ 1 the 
guarantee is satisfied for much higher 𝛾 than the cases which we have 
𝑆𝐼1 𝐷𝑎𝑡𝑎 = 1. 

𝑥

𝑑𝑝𝑥
𝑑𝑛𝑥

𝑥𝑖1
∗𝑥𝑖𝑟

∗



Model Confidence and Guarantee by SmI(with training data)

• Assume that for each data point 𝑥𝑖 , 𝛼 𝑖∗ = 𝑦𝑖 − 𝑦𝑖∗ ,  where 𝑥𝑖∗is the nearest neighbor of𝑥𝑖.

• Assuming 𝑆𝑚𝐼 𝐷𝑎𝑡𝑎 = 1, 𝛼 𝑖∗ denotes the distance between the output 𝑦𝑖 and its nearest 
neighbor, 𝑦𝑖𝑚𝑖𝑛. 

• In an ideal case a𝑠𝑠𝑢𝑚𝑒 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑑𝑖𝑣𝑒𝑠𝑖𝑡𝑦 𝑜𝑓 𝑡𝑟𝑎𝑖𝑛𝑖𝑛𝑔 𝑑𝑎𝑡𝑎𝑠𝑒𝑡 𝑖𝑠 𝑠𝑜 ℎ𝑖𝑔ℎ and 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑡𝑒𝑠𝑡
𝑑𝑎𝑡𝑎 point 𝑥 (when there is no measuring uncertainty) 𝑦 − 𝑦𝑖1∗ ≤ 𝛼 𝑖1

∗ .

• Now assume, 𝛾 is the maximum measuring uncertainty of input 𝑥. 

• Find all training examples: 𝑥𝑖𝑗
∗

𝑗=1

𝑛𝛾
that each one is a nearest neighbor of a point 

of the hyper-circle set 𝐶 = 𝑥ු, 𝑥ු − 𝑥 ≤ 𝛾 .

❖ it is  guaranteed that if 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑡𝑒𝑠𝑡 𝑑𝑎𝑡𝑎 𝑝𝑖𝑛𝑡, 𝑥, 𝑤ℎ𝑒𝑛 𝛾 ≥ 0
𝑦 − 𝑦𝑖1∗ ≤ ҧ𝑒𝑦

ҧ𝑒𝑦 = ma𝑥
𝑗=1,…,𝑛𝛾

𝑦𝑖1∗ − 𝑦𝑖𝑗
∗ + 𝛼 𝑖𝑗

∗

• About those cases that we have 𝑆𝑚𝐼𝑟 𝐷𝑎𝑡𝑎 = 1 for 𝑟 ≫ 1, ҧ𝑒𝑦 is much lower 
than the cases which we have 𝑆𝑚𝐼1 𝐷𝑎𝑡𝑎 = 1. 

𝑥

𝛾

𝑛𝛾=6

𝑥𝑖1

𝑥𝑖10
𝑥𝑖7

𝑥𝑖2

𝑥𝑖3

𝑥𝑖4

𝑥𝑖5

𝑥𝑖6
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